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In order to determine the range of validity of Gryzinski’s classical theory for inelastic electron-atom scat-
tering, we evaluate exactly the classical cross section for the electron ionization of atomic hydrogen. At large
electron-impact energies the exact classical cross section disagrees with the experimental cross section. This is
due to the inability of the classical theory to describe an electron-atom collision if the energy of the incident
electron is large. For low-impact energies the classical description of a collision becomes valid. The electron
energy at which the classical theory becomes applicable is in good agreement with the energy predicted by

the uncertainty principle.

INTRODUCTION

SING a theory formulated by Chandrasekhar' for
stellar encounters, Gryzinski? has derived an
exact classical theory for the inelastic scattering of
electrons by atoms in which we only take account of the
Coulomb interaction between the incident and bound
electrons. By making certain approximations Gryzinski
was able to obtain simple analytical formulas for the
cross sections for electron excitation and ionization of
atoms. Comparison®=® of his cross-section formulas with
experimental data shows that the classical theory
reproduces the experimental cross sections with con-
siderable success.
To obtain some insight into the range of validity of
the classical method we consider the effect of the
approximations made in Gryzinski’s calculations.

EXACT CLASSICAL CALCULATIONS

In order to calculate cross sections for electron-atom
scattering processes, Gryzinski? assumes that the only
force which contributes to the scattering is the Coulomb
interaction between the bound and incident electrons.
Hence to obtain classical cross sections he considers the
classical motion of two electrons which have a repulsive
Coulombic force acting between them. Distinguishing
the electrons by subscripts 1 and 2, denoting the initial
velocities and energies® of the electrons by vy, v, and E;
and E,, respectively, and letting 0 be the angle between
the vectors v; and v,, Gryzinski shows that the cross
section for a collision between two electrons in which
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electron 2 undergoes a change in energy AE is given by
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and where
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The cross section for a collision in which electron 2
loses energy greater than U is

0(0)= f ' (AB)I(AE).- - @

We now identify electron 1 with a bound atomic electron
and electron 2 with an incident free electron. Hence,
denoting the velocity distribution of the electrons in the
4th electronic shell of an atom by N;(v1) and the ioniza-
tion potential by Uj;, we find that the electron ionization
cross section for an atom is

0o =X [ W00
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Gryzinski has shown that we can simplify the calcu-
lations greatly if we replace the relative velocity V
in Eq. (1) by (22+422)2 and also replace the exact
electron velocity distribution N;(»;) in Eq. (3) by
N j[v1— (2U ;)¥2], where N; is the number of electrons
in the jth electronic shell and § is the Kronecker é-func-
tion. Using these two approximations, we find that the
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TasLE I. Cross section for the ionization of atomic hydrogen by electrons in wag?

Classical cross section

Energy of incident

electron in atomic ~ Experimental  approximate V' approximate V exact V exact V' Born cross

units cross section approximate N (v1)  exact N(v;)  approximate N(v;)  exact N (v1) section
0.720 0.31 0.401 0.531 0.541 0.692 0.563
0.980 0.53 0.711 0.782 1.280 1.153 0.993
1.280 0.71 .0.844 0.861 1.603 1.297 1.166
1.620 0.80 0.866 0.852 1.506 1.270 1.190
2.000 0.82 0.835 0.808 1.333 1.172 1.141
3.125 0.77 0.690 0.651 0.945 0.883 0.930
4.500 0.67 0.548 0.521 0.685 0.659 0.743
8.000 0.45 0.352 0.335 0.400 0.392 0.489

18.000 0.24 0.172 0.168 0.182 0.180 0.247

36.125 0.14 0.089 0.088 0.090 0.091 0.137

cross section for electron ionization from the jth shell of
an atom is given by

N;j / Ey \*"/5 2U;
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where Es is the energy of the incident electron.

In order to understand the classical theory, it is
necessary to study the effects of these two approxi-
mations. For atomic hydrogen the velocity distribution
of the atomic electrons may be obtained exactly from
the momentum wave function,” and it is not difficult to
evaluate Eq. (3) exactly.

In Table I we compare the cross section for the elec-
tron ionization of atomic hydrogen calculated using
various approximations. In the first column we tabulate
the experimental cross section,® in the second the
classical cross section obtained using (v+v:?)!/2 for the
relative velocity V and §(vi— (2U1)!7?) for the electron
velocity distribution, in the third the classical cross
section obtained using (v1?+v:%)'/2 for V but the exact
electron velocity distribution, in the fourth the classical
cross section obtained using the exact V but the
approximate IV (1), in the fifth the classical cross section
obtained using the exact relative velocity V and the
exact electron velocity distribution N (v;), and finally
in the sixth the quantal cross section obtained using the
first Born approximation.?

The most interesting feature of this comparison is the
disagreement that exists between the quantal calcu-
lations and even the exact classical calculations at large
impact energies. This is due to the fact that the Born
cross section falls off as logF,/E, while the classical
cross sections fall off as 1/E, for large values of E..

The disagreement between the exact classical and the
Born calculations is at first surprising, for in the Born
approximation we neglect the distortion of the incident
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plane wave by the atomic system, the polarization of
the atom by the incident electron, exchange effects and
only take into account the Coulomb interaction between
the bound and the free electron. Similarly in the exact
classical approximation we neglect polarization effects,
exchange effects and only take into account the Cou-
lomb interaction between the bound and the free
electron, but in the classical approximation we do take
into account the distortion of the straight line path of
the incident electron by the bound electron. However,
at high-impact energies this distortion is negligible, and
the Born approximation and the exact classical ap-
proximation are essentially quantum-mechanical and
classical-mechanical descriptions of the same physical
phenomena.

To explain the discrepancy between these approxi-
mations at high energies we recall that, due to the un-
certainty principle, the classical description of a collision
is only meaningful if the classical angle of deflection of
an incident particle is greater than the uncertainty in
the angle of deflection.!®!! For the Coulomb scattering
of one electron by another, it can be shown that for
relative energies greater than about 2 atomic units, the
classical description is invalid, but for energies less than
about 2 atomic units the classical description is valid.
This is in quite good agreement with the results in Table
I, where we find that for incident electron energies
between 2 and 3 atomic units the Born and exact
classical approximation are in good accord, but above 3
atomic units they begin to disagree. The disagreement
between the Born and classical approximation at elec-
tron energies less than 2 atomic units is probably due to
the fact that the classical theory does take some account
of distortion which tends to increase the cross section.

Recently, Gryzinski'®®® has been able to obtain
almost exact agreement between classical theory and
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experiment for the cross section for the electron ioniza-
tion of atomic hydrogen. To get this agreement it is
necessary to use an electron velocity distribution of the
form (vo/v1)%¢?/"; since this distribution is very dif-
ferent from the exact velocity distribution its use cannot
be justified theoretically. However, this semiempirical
procedure could partially be justified if it gave good
_ results for other atomic systems. Unfortunately, this is
not the case. For example, if we compare the cross
sections obtained from Gryzinski’s semiempirical
formula with the Bethe formulas! for electron ionization
of the states of hydrogen with principal quantum num-
bers =2, 3, and 4 we find that at high energies the
semiempirical classical formula is in error by factors of
2, 3, and 4, respectively.

It is interesting to note in Table I that the two
classical cross sections obtained by replacing V by
(v24252)!72 tend to agree quite closely with the experi-
mental cross section at low energies. Since the result of
this approximation is to eliminate collisions with long
interaction times it has been suggested? that since it has
the same effect as the inclusion of the atomic nucleus it
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is a better approximation than the original classical
approximation. By comparing columns one, two, and
five of Table I we see that this suggestion is true.

CONCLUSION

At large impact energies we cannot expect the classi-
cal inelastic electron-atom scattering cross sections to
agree with experiment, for the classical theory cannot
describe an electron-atom collision correctly. However,
at incident electron energies of a few atomic units the
classical description of a collision is valid and the
classical cross sections should be as accurate as the
Born-approximation cross sections. If the incident
electron energy is close to the ionization or excitation
threshold the electron-electron interaction is not the
dominant interaction and we cannot expect either the
classical or the Born approximations to give accurate
cross sections.
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The cross section for elastic scattering of electrons from helium atoms has been computed for an energy
range from 0 to 50 eV. The formalism used here was obtained from an extension of Hartree-Fock theory
wherein the distortion induced in the atom by the scattering electron is approximated by a polarization
potential. The method is similar to the “adiabatic-exchange” treatment of electron-hydrogen scattering by
Temkin and Lamkin. The computed scattering phase shifts and cross sections are compared with various
other calculations and experimental data. A scattering length of 1.13 g, is extrapolated from the phase shifts
after correcting them for the effects of truncating the polarization interaction as required in the iteration
process. The computed total cross sections compare favorably at low energies with the data of Ramsauer
and Kollath and at very low energies with the modified effective-range theory of O’Malley, Spruch, and
Rosenberg. The differential scattering cross sections follow the effective-range theory in a high backward
asymmetry at low energies and the experimental data in a high forward asymmetry at higher energies. The
momentum-transfer cross sections agree well with recent microwave drift-velocity measurements, especially
those of Pack, Phelps, and Frost.

I. INTRODUCTION

HIS paper is concerned with the elastic scattering
of electrons from atomic helium in the energy
region from 0 to 50 eV. For this problem, as in all low-
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energy electron-atom scattering problems, two major
effects must be included in the formalism to give ade-
quate description of the scattering. These are the
exchange interactions between the scattering electron
and the atomic electrons arising from the exclusion
principle and the distortion induced in the atomic sys-
tem by the presence of the scattering electron.
Exchange effects in scattering have been studied by



